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ABSTRACT

We study the propagation and stability of electromagnetic vortex beams in relativistically degenerate plasmas. We show that such plasmas
support localized vortex solitons carrying orbital angular momentum and analyze their linear and nonlinear stability. Vortex solitons
undergo azimuthal symmetry-breaking instabilities whose growth rates depend on beam power, propagation constant, and topological
charge, with the dominant mode determining the number of filaments formed during breakup. We further demonstrate that vortex solitons
act as nonlinear attractors with a finite basin of attraction, while the vortex core remains topologically protected, maintaining a strictly zero
field intensity at the beam center throughout the evolution. The results persist across a broad range of degeneracy parameters and are rele-

vant to hard x-ray radiation propagating in dense astrophysical plasmas.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0324986

I. INTRODUCTION

Astrophysical systems are characterized by intense electromag-
netic (EM) radiation whose spectral content spans a broad range,
from radio waves to hard x-ray and y-ray emission." Most cosmic
objects—such as stars, interstellar and intergalactic media, active
galactic nuclei, and quasars—are either composed of plasma or
embedded in a plasma environment.” In many of these systems, radia-
tion propagates through regions of extremely high density, where col-
lective plasma effects play a dominant role in shaping wave dynamics.
For the ultrahigh plasma densities relevant to compact astrophysical
objects, including the interiors of white dwarfs, neutron stars, pre-
supernova cores, and possibly the central engines of gamma-ray
bursts,” the classical plasma description becomes inadequate. Under
such conditions, the electron gas is degenerate and must be described
using Fermi-Dirac statistics. The corresponding Fermi energy
exceeds the atomic binding energy, leading to complete ionization of
matter. Typical electron number densities in these environments are
believed to lie in the range from 10% to 10%* cm™3, where the average
interparticle spacing becomes smaller than the thermal de Broglie
wavelength and the plasma behaves as a weakly coupled degenerate
system.” At the same time, compact astrophysical systems are known
to host extremely intense high-frequency radiation fields. In

particular, strong and spectrally narrow x-ray emission may arise
from cyclotron harmonics in strongly magnetized environments,’
atomic line emission from highly ionized species in accretion-
powered sources, or external irradiation by localized compact
objects, such as neutron stars and white dwarfs.” In many situations
of interest, dense plasma layers remain transparent to x-ray radiation
due to the suppression of collisional absorption at high frequencies
and the dominance of electron degeneracy effects, allowing electro-
magnetic waves to propagate over macroscopic distances.

A series of studies has examined nonlinear interactions between
high-frequency electromagnetic (EM) radiation and plasma waves in
degenerate media. Stimulated scattering processes were analyzed in
Refs. 8-10 demonstrating the emergence of instabilities in both
weakly and strongly degenerate electron plasmas. Berezhiani et al.,""
Mikaberidze and Berezhiani,'> and Shatashvili et al," investigated
solitary solutions in fully degenerate relativistic and nonrelativistic
multi-species plasmas, showing that such nonlinear structures are sta-
ble against small perturbations and persist across the full range of
degeneracy levels.

The self-trapped propagation of EM beams in fully degenerate
relativistic electron-positron and electron plasmas has been investi-
gated in (1 + 2)-dimensional geometries'”'® demonstrating the
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existence of radially symmetric, localized EM structures supported by
self-guiding mechanisms in these plasmas.

Electromagnetic beams carrying orbital angular momentum,
known as vortex beams, possess a phase singularity and an annular
intensity profile. Under laboratory conditions, vortex beams can be
produced using phase plates, holographic techniques, or mode-
conversion schemes (see Ref. 16 and references therein). In astrophys-
ical settings, twisted EM fields may arise naturally due to rotation of
compact objects, frame-dragging effects, or propagation through
inhomogeneous media, imprinting angular momentum onto
radiation.' "

Recent work'’ examined the nonlinear propagation of orbital-
angular-momentum-carrying electromagnetic beams in highly
degenerate relativistic electron-positron plasmas. Because the high-
frequency electromagnetic pressure acts equally on electrons and
positrons, charge separation is suppressed, and, within the paraxial
approximation, the beam dynamics is governed by a nonlinear
Schrodinger equation with saturating nonlinearity.

In the present work, we base our analysis on the system of non-
linear equations describing electromagnetic beam propagation in
degenerate electron plasmas, derived in previous studies.'”'> We
extend this framework to investigate the propagation of vortex elec-
tromagnetic beams. Unlike in the electron-positron plasma case, the
system cannot be reduced to a single nonlinear Schrodinger equation;
instead, one must analyze a coupled set of nonlinear equations. The
presence of orbital angular momentum qualitatively modifies the
nonlinear interaction. We demonstrate that degenerate electron plas-
mas can support localized vortex-type electromagnetic structures
whose properties differ from those of non-vortex beams, thereby
highlighting the role of beam topology in relativistic plasma
dynamics.

Il. MODEL

We consider a cold relativistically degenerate plasma, for which
the electron thermal energy is negligible compared to the Fermi
energy. The electron Fermi energy is given by ex = m,c?[(1 + Rz)l/ 2
— 1], where R = pg/m,c, with pr denoting the Fermi momentum.
The latter is related to the proper electron number density n through
pr = mec(n/n.)"? where n, = m3c® /3m2H® = 5.9 x 10¥cm™ is the
characteristic critical density (3 Shapiro). For n > n, the electron
momentum becomes relativistic, and the plasma enters the relativistic
degeneracy regime.

As shown in Ref. 10, the dynamics of relativistic electromagnetic
beams propagating in a degenerate electron plasma can be described
by a set of nonlinear equations derived via the reductive perturbation
method, assuming a highly transparent plasma (¢ = w,/wo < 1) and
the narrow-beam (paraxial) ordering . <L, < Ly, where w,
= (4me*ng/m,)"/? is the electron plasma (Langmuir) frequency, o is
the equilibrium electron number density, @y is the carrier frequency
of the electromagnetic wave, 2 = 2mc/wy is the radiation wavelength,
and L, Ly are the characteristic transverse and longitudinal scales
of the beam. In this approach, the electromagnetic field is represented
as a slowly varying envelope, and the fluid equations are expanded
in powers of the small parameter ¢, retaining the leading-order non-
linear and dispersive contributions. The resulting dimensionless sys-
tem reads
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Here, A is the slowly varying amplitude of circularly polarized
vector potential eA/(m,c*[y) = (X + iy)A exp(—iwot — koz) + c.c.,
where X and y are unite vectors transverse to the electromagnetic
beam propagation direction z. The field frequency w, and wave vector
ko satisfy the dispersion relation w} = kic® + w?/Ty, and T
=1+ Ré)l/ > is the generalized relativistic factor, where R,

= (no/ nc)l/ ’. The normalized potential is defined as ¥ = eq/
(m.c*Ty) where ¢ is the charge-separation scalar potential generated
by the action of the high-frequency electromagnetic pressure on
electrons. The normalized laboratory frame electron density is
N = N/ny. The dimensionless spatial variables are introduced as
z=(w?/carnTo)z,and r; = (w,/c\/To)r,.In Eq. (3) the parameter
d = R3/(1+ R3) quantifies the level of degeneracy: for the weakly
degenerate case (Ry < 1) d~ RJ, whereas in the relativistically
degenerate regime (Ry > 1) d — 1.

This system describes the dynamics of strong amplitude narrow
EM beams in plasma with an arbitrary (but physically justified)
strength of degeneracy. The gas approximation for degenerative
plasma implies that particle interaction should be less than the Fermi
energy. This condition implies that plasma electron density should be
ny > e®m> /h® = 6.7 x 10*cm™ and consequently Ry >> 0.02, note
that for ny = n. = 5.9 x 10 cm™3, Ry = 1 while 1y = 10** cm™
corresponds to the ultra-relativistic degeneracy with Ry ~ 26. For the
electron densities 10%° cm™ — 10 cm™ the level of degeneracy mea-
sured in Eq. (3) varies in the range 0.003 < d < 0.999.

For an ultra relativistic degenerate plasma (d — 1) we obtain the
following set of equations. While we primarily focus on this limit, as it
represents the most nonlinear regime, we have verified that the quali-
tative behavior remains unchanged for lower values of the degeneracy
parameter (d < 1), as discussed later in the manuscript.

8A 2 2 2
21§+VLA+<1+|A| -(1+9) )A:o, (4)
vi\P+1+(1+*P)(|A|2—(1+LP)2> =0. (5)

Let us now consider the solitary wave solutions carrying vortices.
Assuming that solutions in polar coordinates are of the form
A = A(r)exp(im0 + ikz/2) and W = ¥ (r) where r = /2 + 52 and
0 is the polar angle, Egs. (4) and (5) reAduce to ordinary differential
equations for the real-valued amplitude A and potential ¥ as follows:

LA 1dA -~ mP~ ~2 2\ ~

F+;E—kA—r—2A+(1+A 1+ ®))i=0.
P2Y 149 [ ~2 N2
—dr2+?ﬂ+l+(1+‘{})<A_(HT)):O' )

Here, k is a propagation constant and m(# 0) is an integer known as
the topological charge of the vortex.
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FIG. 1. Numerically found stationary poten-
(b) fial profiles for m = 1, k = 0.2 () and k
= 0.3 (b).

We have used numerical methods to determine localized

solutions of Egs. (6) and (7) subject to the boundary conditions
(27‘/17) — 0 as r— oo, while :‘\\Ho — Agr™l, ‘/I\’Ho — ¥,
(d¥/dr),_,, — 0. In what follows, we consider only the lowest-order
(lowest radial eigenmode) solutions of Egs. (6) and (7). Such solutions
imply that the vector potential has a node at the origin » = 0, reaches

a maximum value A, at a finite radius, and then monotonically
decreases with increasing r. The scalar potential is nodeless, reaches

its maximum value ¥, and decays with increasing r. To obtain such
solutions for a given propagation constant k > 0, one must determine
the appropriate values of the constants A, and Py with high accuracy.
This is achieved numerically by solving Eqs. (6) and (7) as a
boundary-value problem, employing a shooting method in which the
parameters Ay and Wy are iteratively adjusted to satisfy the localiza-
tion conditions at large radii. For m = 1 and k = 0.2, localized soli-
tary solutions are found for Ay = 0.368 and ¥, = 0.065. The
corresponding radial profiles of the electromagnetic fields and the
electron density are shown in Fig. 1(a). Similar field structures are
obtained for other values of the propagation constant provided that
k < 1. In Fig. 1(b), we present the field and density profiles for
k =0.3. It is evident that, with increasing k, the amplitudes of the

field components Km and ‘i’m increase. As shown in Fig. 2, these
amplitudes are monotonically increasing functions of k. We empha-
size that, simultaneously, the electron density becomes increasingly
depleted as the potentials reach their maximal values at r,,, and in the

25

157

0.5

0.05 0.1 0.156 0.2 0.25 0.3

k

FIG. 2. Stationary m = 1 vortex amplitudes as functions of k.

limit k — k. = 0.3 the density tends to zero, indicating the onset of
electron cavitation. Note, however, that for k > k. the electron
density becomes negative, and therefore the plasma model based on
a fluid description is no longer applicable. Indeed, the fluid descrip-
tion of plasmas ceases to be valid as N — 0, since the very
definition of a fluid requires a sufficiently large number of
particles within a coarse-graining volume to justify the continuum
approximation. In this regime, a kinetic description or particle-in-cell
(PIC) simulation is more appropriate than a direct application of
Egs. (1)-(3).

A similar qualitative behavior is observed for vortex solutions
with higher topological charge. In particular, for m = 2, localized sol-
utions also exist provided that the propagation constant satisfies the
same condition as in the m = 1 case. Within this domain, higher-
charge vortices exhibit the same generic features as the fundamental
vortex, including annular field localization and electron density deple-
tion leading to cavitation as k — k.. Not only does changing the topo-
logical charge preserve the existence domain, but it also causes
negligible changes to the cavitation condition and the amplitude
dependence on the propagation constant. As shown in Fig. 3, the vor-
tex solution for k = 0.2 and m = 2 is just a wider version of its lower
topological charge predecessor.

The EM beam power P = [dr, |A|* is an integral of motion of
the system of Eqs. (1)-(3). For an EM field carrying a nonzero topo-
logical charge, the system admits an additional conserved quantity,
namely, the angular momentum,

25

0 5 10 15
r

FIG. 3. Numerically found stationary vector potential profiles for k = 0.2, m = 1,
andm = 2.
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This expression represents the paraxial approximation to the orbital
angular momentum of the EM field. One can readily show that, for
steady-state solutions, the angular momentum is fully determined by
the topological charge and the beam power, yielding the relation
L =mP.

As follows from numerical simulations of Egs. (6) and (7), the
power trapped in self-guided vortex solitons,

P= ZnJ drrgz, 9)
0

is a monotonically increasing function of the propagation constant k
(dP/dk > 0). Since k is itself an increasing function of A, it is con-
venient to present the dependence of the trapped power on A, as
shown in Fig. 4. One can see that, in the strongly degenerate case, the
power trapped in a singly charged (m = 1) vortex solitonic structure
is bounded from below by a finite value Py = 145, which is reached at
small amplitudes A, < 1 (ie., in the limit k — k). The upper bound
of the trapped power, P, = 283, is associated with electron cavitation
occurring at larger amplitudes Amc =2.221 (corresponding to
k — k;). We now turn to the stability analysis of vortex solitons.
Numerous analytical and numerical studies have shown that ring-
shaped vortex beams described by nonlinear Schrodinger equations
with saturating nonlinearity in various media are susceptible to azi-
muthal symmetry-breaking modulational instability.””*' Although
the present system differs from the standard nonlinear Schrodinger
equation due to the coupling between the electromagnetic field and
the plasma response, the qualitative features responsible for the azi-
muthal instability remain similar. In particular, the self-focusing non-
linearity combined with the ring-shaped intensity distribution of
vortex solitons creates favorable conditions for azimuthal modulation
growth. We, therefore, expect that vortex solitons supported by
degenerate relativistic electron plasmas will exhibit a qualitatively sim-
ilar instability scenario. The stability of vortex solitons can be analyzed
by following the linear stability procedure developed in Ref. 22 (see
also Ref. 23). In this approach, one considers small perturbatlons act-
ing along a ring of mean radius r,, where A(ry) = A,y and P (r,)
= ¥,,. Assuming constant intensities and spatial uniformity for this

300

250 [

200 |

150 ¢

0 05 1 . 15 2 25

A'ITL

FIG. 4. Power carried by the stationary state as a function of its amplitude.

pubs.aip.org/aip/pop

ring, one can represent the operator in (6) and (7) as VZ
=1,/ D0, ‘This results in the linearized system of equations for
o, VA and 50, , which are the perturbations of ‘¥, |A| and the com-
plex phase D of A appropriately

2LOA + A, V260 =0, (10)

(Vj T 221)52 24, LD — 24, ¥, 0P =0,  (11)
~ o~ ~ 1 ~ ~

24, F,,0A + (Vj 5" 2\an>5‘}' —o0. (12)

We deﬁne the ¥, =1+W%,and introduce the differential operators
L=24m0 and Vi= 12 4 to simplify the linearized system.
Applying the plane wave ansatz, e growth rate of azimuthal pertur-
bations with phase factor ¢ = Kz + M0, where M is an integer azi-
muthal mode number, can then be derived in the form

1M M2 v
Im(K) = - — |24°, - ;
27m

- (13)

m
m

where

-1
o~ A~ 2 o~
Q—4Afn(1+‘{’m)2<%+l+l@ +2(1+‘Pm)2> . (4

The function under the root is positive for some integer values of M
in the studied range of propagation constant k, implying the existence
of azimuthal instabilities. In Fig, 5 we plot Im(K) vs M for different
values of k. The parameters ,,, A,,, and ¥,, are all calculated via the
localized solutions of Egs. (6) and (7). The integer value of M for
which Im(K) is maximal gives the approximate number of modula-
tions that affect the ring.

To verify the predictions of the linear stability analysis, we
numerically solved the system of Egs. (4) and (5) using finite-
difference methods. As initial conditions, we employed the stationary
solutions of Egs. (6) and (7) obtained for different values of the propa-
gation constant k < k.. Since any finite-difference discretization
approximates partial differential equations with limited accuracy, the
use of stationary solutions as initial conditions introduces an inherent

0.3

k=0.30
0.25

k =0.20

0.2

Im(K) 0.15

0.1

0.05

M

FIG. 5. Im(K) as a function of M for k = 0.02, 0.10, 0.20, and 0.3.
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small perturbation. Our numerical simulations show that this pertur- | Al pat h
bation rapidly triggers an instability, in agreement with the predic-
tions of the linear stability analysis.

In Fig. 6, we present the results of a representative simulation in
which the initial condition corresponds to k = 0.2. We split each dis-
crete step into linear and non-linear parts, respectively, using Crank-
Nicolson and Euler methods for their solution. One observes that the
instability leads to the breakup of the vortex soliton into four fila-
ments, in accordance with the dominant azimuthal mode predicted
by the linear stability analysis. The breakup occurs at z;, ~ 70 while
the corresponding diffraction length is zp ~ 20. This implies that the
vortex solitary wave decays after propagating over 3.5 diffraction

-10 5 0 5 x 10

FIG. 7. The soliton trajectories for the k = 0.2, m = 1 vortex.

lengths. As shown in Fig. 7 the filaments propagate tangentially away
from the original ring-shaped intensity distribution, conserving the
total angular momentum L of the electromagnetic field. As they sepa-
rate, the filaments evolve into stable, spatially localized solitonic
beams carrying zero topological charge. Similar behavior is observed
for vortex solitons with higher values of m.

The next question to investigate concerns the nonlinear sta-
bility of electromagnetic fields carrying topological charge under
non-ideal excitation conditions, when the initial spatial profile
and field strength differ substantially from those of the station-
ary vortex soliton solution. This analysis is particularly relevant
for realistic beam generation, where exact soliton profiles cannot
be prepared. For this purpose, we consider a Gaussian input
beam of the form

Az =0,x,y) = (x + iy)A; exp(—r*/D?), (15)

which carries a topological charge m = 1. The beam intensity van-
ishes at r = 0, reaches its maximum value A, = A;Dexp(—0.5) at
"max = D, and decays exponentially for larger . Here, D is the charac-
teristic transverse width of the structure, and A; is a constant which,
together with D, determines the electromagnetic beam power
P =AD",

We numerically integrate Eqs. (4) and (5), assuming P < P.. For
powers below a threshold value P < Py = 145, the beam undergoes
diffraction. In contrast, for intermediate powers Py < P < P, the
evolution is governed by nonlinear self-organization and instability.
When the initial beam parameters lie within the basin of attraction of
the stationary vortex soliton, gnd the initial amplitude is chosen close
to the soliton value A,,x =~ A,,, the Gaussian vortex exhibits partial
relaxation toward the ground-state vortex soliton through radiation
losses. This quasi-relaxed state remains azimuthally unstable and sub-
sequently breaks up into multiple filaments. The filaments are
expelled tangentially with respect to the initial ring-shaped intensity
distribution and evolve into stable, spatially localized solitonic beams
just as it occured for stationary initial conditions. If the initial
Gaussian beam parameters (P, A,,) lie far outside the basin of attrac-

S0 :L¥ T 9202 AN €2

-10 0 10 X tion of the vortex soliton, the structure does not approach the soliton
configuration. Nevertheless, the qualitative evolution remains similar,
FIG. 6. Numerically achieved evolution of k = 0.2, m = 1 vortex soliton. with filamentation occurring at earlier propagation distances.
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Similar behavior is observed for vortex beams with higher topo-
logical charge. It should be noted, however, that high-charge vortices
are generally believed to be unstable even during vacuum propagation
due to topological considerations, which imply that such beams tend
to decay into multiple single-charge vortices. This decay, however, is
governed by an algebraic (secular) instability, whereas the breakup
observed in our system is exponential. Consequently, the secular
instability does not have sufficient time to develop before the onset of
the nonlinear azimuthal instability. We emphasize that optical vorti-
ces possess a topological nature, corresponding to branch points
where both the real and imaginary parts of the field vanish simulta-
neously. The topological charge is defined by the number of intersect-
ing pairs of zero lines of the real and imaginary components of the
field. As a result, a vortex embedded in an electromagnetic beam can-
not disappear under continuous deformations of the field, even when
the beam undergoes substantial structural changes. An important and
experimentally attractive feature of the breakup process described
above is that, despite the fragmentation of the beam, the field ampli-
tude at the center of the structure remains strictly zero throughout the
evolution. This topological robustness provides a clear and unambig-
uous signature that can be exploited for experimental verification.

Although throughout most of this manuscript we have focused
on the ultrarelativistic degeneracy regime (d = 1) we have also per-
formed analogous studies for other values of the degeneracy parame-
ter, namely, d = 0.5 and d = 0.01 corresponding to plasma densities
1y = 5.96 X 10¥cm™ and ny = 5.96 x 10%cm =3, respectively. In all
cases, the underlying physics and the qualitative features of the beam
dynamics remain essentially the same as those obtained for d = 1.
Both the threshold power P, and the admissible field amplitudes
decrease with decreasing d. For example, we find Py ~ 120 for
d = 0.5 and Py = 95. for d = 0.01. Further decrease in d may even-
tually lead to a regime where the gas approximation of the plasma
becomes questionable.

Restoring the dimensions, the corresponding threshold power for
low degeneracy d = 0.01 can be written as P(()d]m) ~ 18.64(%‘:)2GW.
For degeneracy parameter in the range d = 0.01 — 0.5, the plasma
transparency assumption requires the photon energy of the beam to
satisfy fiwy > (1KeV — 29KeV), placing the relevant frequency range
in the hard x-ray band.

11l. CONCLUSIONS

We have studied the propagation and stability of electromagnetic
vortex beams in relativistically degenerate plasmas using a self-
consistent relativistic fluid-Maxwell model. We demonstrated the
existence of localized vortex solitons carrying orbital angular momen-
tum and analyzed their linear and nonlinear stability.

Vortex solitons are shown to undergo azimuthal symmetry-
breaking instabilities whose growth rates depend on the beam power,
propagation constant, and topological charge. The dominant unstable
mode determines the number of filaments formed during breakup, in
agreement with linear stability theory. Although multiply charged
vortices are known to exhibit slow, algebraic splitting even in vacuum,
the instability identified here is exponential and develops on much
shorter scales, making secular decay irrelevant in dense plasmas.

We further examined the nonlinear evolution of non-ideal
Gaussian vortex beams and found that vortex solitons act as nonlinear
attractors with a finite basin of attraction. Depending on the initial

ARTICLE pubs.aip.org/aip/pop

parameters, beams either diffract or undergo partial relaxation toward
the stationary vortex soliton, followed by filamentation. Throughout
the evolution, the vortex core remains topologically protected,
with the field intensity at the beam center remaining strictly zero.

These results persist across a broad range of degeneracy parame-
ters, although the admissible power range decreases with decreasing
degeneracy. Estimates of the dimensional threshold power place the
relevant regime in the hard x-ray band and at multi-gigawatt beam
powers, conditions naturally realized in dense astrophysical environ-
ments near compact objects.
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